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Abstract

The paper considers the general form of regression models with an increasing number of un-
known parameters and different and unknown random error variances. Such models are typical
for applications and allow us to solve some practical problems that face difficulties. Linear and
nonlinear regression models can be considered as a partial form of this model. The iterated pro-
cess for calculating the least square estimators for generalized regression models is construct-
ed. The approach for estimating the elements of the covariance matrix of the deviation vector
is suggested. Using these results, the method of constructing a confident band for unknown

functions in regression models is suggested.

Keywords: generalized regression model; increasing number of unknown parameters; least
square estimator; unknown variances of random errors; design matrix; Fisher’s matrix; iterated

process

Introduction

The theory of regression analysis has a long history. The earliest form of the method of least squares
for regression models was suggested by A. Legendre in 1805 and later by F. Gauss in 1809 in The-
oria Motus Corporum Coelestium. Although Legendre formally introduced the method, Gauss had
independently developed and applied it as early as 1795 during his astronomical research. However,
Gauss’s delayed publication, possibly because he did not prioritize formalizing the technique at the

time.

C.F. Gauss [12] and A.-M. Legendre [8] independently developed the method of the least squares,
and today the academic world considers them as the pioneers of regression theory. Other leading
scientists made also essential contributions for the development of regression analysis: U.Yule, K.
Pearson [15, 21] C. R. Rao [10], R. Fisher [1] G. Seber [11], P. Huber [7], and others.
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The term “regression” was introduced by Francis Galton in the 19th century to describe a biological phenomenon observed in his
studies of heredity [3]. Historical accounts differ on when Galton first used the term, with some attributing it to his work in the late
1870s. The phenomenon, now known as “regression toward the mean,” describes how the heights of descendants of tall ancestors
tend to regress toward the average population. Galton observed this trend while studying the inheritance of traits such as height, using
empirical data to quantify the relationship between parent and offspring measurements. While Galton initially applied the concept of
regression solely to biological heredity, his pioneering work in quantifying relationships between variables laid the groundwork for its
broader statistical applications. Subsequently, Udny Yule and Karl Pearson extended Galton’s ideas, generalizing the concept of regres-
sion to statistical contexts, including the study of relationships between economic, social, and physical variables. In world literature
there are published various types of regression models, for instance, functional regression, spline and quantile regression models,
regression models with missing data [14, 16, 17, 23], and others. Below is considered the general form of regression models, and some

results for linear and nonlinear regression models can be considered as a special case of generalized regression models.
Construction of the mathematical model. Consider the following model
yi=nx,0)+e, t=1N (1.1)

where 6= (6, 0,,..., 6 )" - is the vector of unknown parameters. It is supposed that

an(x0) 9%n(x0) . . .
n(x,0); ——; ———;i =1,m;j = 1, m- are continuous and bounded
a6, ’ 06;06;

functions, and
XEXCROEOBCR,0<p<N. (1.2)

The families of probability measures on Borel subsets A of the space X, are defined as

N
1
B (A) = 3 ) 12,
i=1
where [, (x) - is the indicator of the set A.
It is assumed that VA for N — oo, u, (A) weakly converges to some probability measure 1(A4). Denote such convergence as

Uy = for N = oo (1.3)

We assume also
Ee; =0,Es? = 0%(x;) = 0; < o (1.4
where 02 (x) - is an unknown bounded function (1.5)

The condition (1.4) is typical for applications and not widely researched in the world literature. There are some papers related to
the case of a finite number of unknown parameters and unknown variances of random errors [18] and even for linear and nonlinear
regression models with an increasing number of unknown parameters [4-6]. Here generalized model is considered, and the cases of

linear and nonlinear models can be considered as a special case of this model. Denote

Fy(8) — a matrix with the elements M; i=1,N;j=1m.
7

on(xq, 04, ..., ) n(xy, 04, ., Op)

on(x,60) 06, 06,
06 an(xN, 91!'"161‘?1) an(xN, 91'"”9771)
90, s 30,
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FIE(@)FN(B)] anT(x ) dn(x,6) i ()
a0 06 v

My(6) = [

is the normed informatic matrix,
AgN) (9), ) ,17(;:’) (9) - are the eigen values of the matrix M, (6) for which
0< 2™ @) <A ) < - <2 (0).
For finding Ls.e. for nonlinear regression models, according to [2] we can construct the iterated process which has the following form
Bu(s +1) = 6y () + (V- My(6(5)))  FE(8(9)) (v — nx, (6(5))) (1.6)
Let us investigate the convergence of the process (6). Preliminarily, we remind the following theorem from [9].
Theorem 1.1. Assume that the families of functions G, (x, 8) which are continuous on X x © is given where X, © - are compact sets.
Gn(x,0) = G(x,0) (uniformly) for N — oco.

Then

lim °°P f Gy (x,)uy(dx) — f G(x,Nu(dx)| = 0.
X X

N—-oo ]

From Theorem 1.1, we get
Corollary 1.1. Under the conditions (1.2), (1.3), uniformly on x the following expression is held M, (6) — M(6) for N — oo.

Proof. In the capacity of G, (x, 6) we take

FL(8)Fy(0
P (LG
N
As the elements G, (x, 8) are defined as
6 ,6 o (x,6

and are continuous and bounded functions according to the condition (1.2), then the series (1.7) converges uniformly for N — oo to

some function G(x, 6). Using the condition (1.2) and applying Theorem 1.1, we get the desired statement.

Corollary 1.2. Under the conditions of Corollary 1, uniformly on 6 the following relation is held

aMy(6)  aM(B)
29 a8 for N — oo.
Proof. As
0My(6) 1 IFL(8) (9)
e NORYOR )

a 6
then considering JZZ( ), Corollary 1.2 and using Theorem 1.1, we get the desired statement.
k
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oMy (0
Remark 1.1. Corollaries 1.1 and 1.2 have proved only the existence of the limits M, (6) and ;VB( ), although we do not know the values

of these limits.
Consider measurable families 9y, (x,0) € C (X x 0).

Introduce the following conditions:

. sup

B 91 (2, 6) = g0, 0)] = 0 (18)

su

s aolgny (x,8)] < € <o (1.9)
Gy(x,0) = Egy (%, ) — a continuous function on X X © (1.10)
Jim *P =D (B, gy, (x0,67) = 0 (1.11)

Denote
1
Sn(0) =~ X1 Gny,(x,,8), 68 € B(r); (1.12)

G(xlg) = ]&’1—1}30 GN(XIH) = i\l]l_I)Igo EgN,y(er);

S(0) = f G(x, 0)u(dx).

X

Theorem 1.2 Assume 6 € B(r) and the conditions (1.1), (1.6) - (1.9) are held. Then
P
(Sn(8) —S(8)) =0, for N - oo, 7 — 0. (1.13)

Proof. As i, (*) is a discrete measure, then the ratio (1.12) can be rewritten as

N
1
$u(0) = 37 2 I Go8) = [ gy Oitn (@)
i=1

X

Then, according to the condition (1.9), we have
ESy(9) = IX Egy,y(x, 0)py(dx) = fX Gy (x, ) un (dx) (1.14)
From here, using Theorem 1.1, we get

ESy(8) = [ G (x, 0)un(dx) > [, G(x,0)u(dx), 6 € B(r) for N - oo,

Thus, for N - oo we have

ESy(8) — f G(x,8)u(dx) = 5(8),6 € B(r)
X

For 6 € B(r) taking into consideration (1.12) we have

[ s 0@ - [ GO (a)
X

X

ISy (8) — ESy(&) 1l =
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f {Gary (6, 8) — Gy (2, 8) — [y (3, 87) — Gy (x,6)]

+ [QN,y(x‘ 0") — Gy(x, 9*)]}“N(dx) <

f [y (6, 6°) — Gy (i, 6°) ]t ()
X

< f Ap(x,6,6°) iy (dx)
X

+

(1.15)
where (x, 6) = 9y, (x0)-G,(x06)

Ap(x, 6,6%)=g,, (x,0)-G, (x, 8)- g, , (x, 6¥) + G, (x, 6%)

From ratios (1.11) and (1.12) we have
PLISy(8) — ESy(B)]| > a} — P j 8(5,6,6 ) (@0)|| > a| <
X

< P{llsu(67) - Esy(6)

> a) (1.16)

Applying Chebyshev’s inequality to the first part of (1.16), we get

DSy(67)
Tar

P(llsx(67) — ESn(8")]| > o} <

1 N *
2D Yz gy (x0.87)
— NZ7 2= TNy e T -0 for N - «

22
Denote Wy, (r) - the module of continuity of ¢, (x, 6).
According to the condition (1.6), we have Wy, (r)scC
As @, (x, 0) is defined as

0, (x,0) =g, (x 6)-G, (x 0)
Then, according to the conditions (1.8) and (1.10), the family of functions ¢, (x, 6) compactly in X x 6. Then

lim lim wy, =0
r—=0 N—oco Ny

almost for all y. Thus, all conditions of Lebesgue’s theorem about transition under the integral are met. Then we get
lim lim Ew r)=0.
N—oo =0 Ny ( )
Taking into consideration the ratio (1.16), we get
P
(Sy(@)—S(#)) =0, for N — co.

Theorem 1.2 has been proved.

Denote

6;\} = 6N(8*) =¥y - W(x,e*):
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-1
1 [Fy(68) - Fn(8)
Ay(@) = | ———— -FT(8),
w(0) = [ - ®
a;;(6);i = 1,N;j = 1,m - the elements of the matrix A, (6);
a“%;”- is the matrix for the elements of which 6aij9 are held
m
da;; (6
aaij(‘g) = Z ﬁ:
06,
k=1
6= (611 621 ey gm)
Theorem 1.3 Suppose 0 € B(r). If the following condition
Vm
—mr—<C<o,forN—=oo,r -0 1.17
NP = < oo, f , (1.17)

is held then
P
M;LE,@-SN(B*)%O for N - 00,r >0

Proof. We will use Theorem 2. For this, in the capacity of the family of functions 8y, % 6) we take

gN,y(x’B) = aiN(xle) ’ 5N(9*)r = 1,m;

94y (6)
a8,

where a,, (x, €) and (i, N) - the elements of the matrix
Denote xg.v) (8);i,j = 1, m- the elements of the matrix M, (6) .

Fora,, X e) - we have
m

Vm
an(®) = D x("(0) fen(8) < € i —,6 € Br)
k=1 ’11 (9)
Then from the ratio (1.13) it follows that the conditions of Theorem 1.2 are held. Then for S, (6) we have
N N
1 1 )
ESy(®) =3 ) Egwy (x,6) =7 ) aw -8 = 0.
i=1 i=1
Using Theorem 1.1 we get that for 6 € B(r)
aAN(g) * P
T-(SN(B)—)O for N - oo,7 = 0.
P

Theorem 1.2 has proved.

Denote
Un(0) =0+ Ay(6) - 65 (6);
aUy(6)
) _ YN
L7(0) = 36, ,0 € B(r)
€]
Ty(r) = max sup ”L" (9)” .

1<ism 0 c B(T')
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Theorem 1.4 Under the conditions 3 the following ratio is held

P
Ty(r) = 0for N — oo, 7 = 0.

Proof. As
T(py. “lpr .98n(8) _ ; - - ()
(FN(B) FN(H)) FN(B(S)) —g = ~In-is the unit matrix then for all ;" (¢)we have
Ay () 98y(6)
Megy = |1, LASE N =
L; (9)—[11"' 26, On(60) + An(8) 26,
[9Ax®) . . 0ANE)
- [a—ei B(87) + 5 B8 (6 ,9)]
where AS, (6% 6) = 5, (6) - 6, (6%).
As
anN(x: 9)
Ay(O)  —————= -1,
Then

Plry(r) > a} < p{|

0AN(6) | .

>af+ ]

In (1.18), on the right side, the first term tends to zero N = oo, r = 0 according to Theorem 1.3, the second term also tends to zero

0AN(8) x
26, A5y (0,87)

> a} (1.18)

according to Theorem 2 for N = oo, r = 0. Then we get.
Theorem 1.4 has been proved.
Below is a convergence of the random variables ¢, ¢, will be denoted as
76,
and it means weak convergence [13].
Theorem 1.5. Assume that for y > 0 the following ratio is held
Ele|*V < (<o

and ¢, €,,.., £, - is the sequence of independent random variables.

2
Then, under the conditions (1.3), we have
VN - (6 —6") = N(0,£(6))
for N —» oo, where
o * *\\ — F * * -1
M CHENCICR) R ICHRICR) I
Fy(8")-1(c%)-Fy(8")

M(6*) lim My(6°) = lim

N ;
where
g2 0.. O
(=0 o62.. 0
0 0 o}

(The limit of My (6*) exists according to Corollary 1.1)
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Proof. Similarly, as it was in the proof of Theorem 1.2 let us introduce nonzero vector [ = (I, I

e | )7 Of the size m.

Then

N
1
VI = AW T4 (665 = o D Va8 = )
i=1
where a, (6*) i-th row of the matrix maTpuupt 4, (6%).

According to the condition (1.3), we have
EN - lTai(B*)(yi - U(xilg*)) =1"N-Ea;(6") & =0.
_ Hence, EVN -1TAy(8%) - 65 =0
Consider
E(VN - ITAy(8") - 63)" = EVN - [TAy(6") - £ - eT AT, (8)IVN =

F(67) - Fy(0)] ' FL(67) Fy(6" )[Fﬁ(e )+ Fy(69]”

N (0% N

:N-IT[
=1T-56") -1 (1.19)
AsEe; =E(y; — n(xi,B*))Hy < C < o, then

LS [y —n(x, 812+ dE, (x;) (1.20)

c
&

where € > 0, F, (x) - is the distribution function of y.

Consider the Lindeberg’s fraction

N
1
m@=yxy [ Oi-neue)) an,@)

=1 |y —n(x;.8") |>VN-¢

We have

T NZJ.lyl n(x;, 627 dF, (x;) 2

N
2w f v = nCx;, 012 - (e - VNY dF,, (x;) =

=1y (x;6)|2VN-e

(5‘/_) “Ap(e) (121

Then from (1.17) it follows

0<Ay(e) <—5 forN - .
eY-NZ

According to the Central Limit Theorem [9] we have
VN -1TAy(87) - 8 = N(0,1T-£(87) - 1),

Using the criterion of normality [22], we have
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VN -Ay(8%) -85 > N (0, 5(67).
Theorem 1.5 has been proved.
In the statement of Theorem 1.5, the matrix ¥ (6*) - is unknown. Hence, it is necessary to estimate the elements of this matrix.
Suppose r,> 0 and r, — 0 for s — oo,

Theorem 1.6 If for some N and r, the following inequality is held

llp”ll

B

y(rg) + <1

Then there exists the random variable N, such that
(an(s) — By) 50 fors > o
and \/ﬁ(@N — B*) - N(0,£(8%)) for N - co.
Theorem 1.6 can be considered as a corollary of Theorems 1.4 and 1.5, because all conditions of these theorems are met.

Estimation of the elements of the covariance matrix for generalized regression models.

In Theorem 1.5, the matrix 3, (6*) is unknown. Below using VN consistency of the estimator of the unknown parameter 6* we will

estimate the elements of the matrix ¥ (6*). Remind that according to Theorem 1.5, we had

$(07) = (M@ F6) - (M(@©))
FL(6) - 1(6?) - Fy(8")

M(6") lim My (6") = lim

N
Denote i, (@) - the elements of the matrix M (6*),
m,ﬁ’?(@)- are elements of the matrix M (6)
m 1 ~ T - ~
iy = (v =n(x,8) - 1£0) (v —n(x.0) @.1)
~ @i (x1,8) - (%1, 0) 0
113,1(9) = 0 Qi (x2,8) - @y (x5, 0) 0
0 0 @ (X, 0) - @, (xy, 0)

0 < 1,(8) < -+ < 1,,,(6)- are eigen values of the matrix Mn(®),

Theorem 2.1 Assume
m

~ 2 is bounded V6 € B(r
N(2,(9)) ™

Then
E (i — gy (67) = 0,
(Rl — ) (6°)) S Ofor N - o,
Proof. Consider )
y—n(x,0)=n(x,8)+e—n(x,8) = %(8* —B)+e+o(r) =
=—Fy(0)(6-6")+¢e+o(r). 2.2)
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For 6 (s + 1) € B(r) from the ratio (2.2) we have
B(s+1)— 6" =0(s) + [FE(8()) - Fy (6())] " FH(8(5))
x (v =n(x,6())) =6 = 6() + [FE(9()) - Fu(0())|” FE(8(5)) x
X (n(x,@*) +&— n(x,@(s))) —-0" =
=0(s) + [FF(6()) - FN(H(S))]_lF,E(G(s)) (@ -8E))+e+om]-06" =
= +[FE(6()) - Fy(6())] " FE(8()) - € + o().

As the elements of the matrix F, (6) are continuous, then for s — oo, r — 0 then, according to Theorem 1.6 we have

~ ~ ~\\ "1 ~
|(8-0)— (FE(8)- Fu(8)) - FE(8)-¢| > 0
Then from (2.2) it follows

y—n(x,8) =& — Fy@) - (Fi(0) - Fy(@®) - F}(8) - & =
=1 - Fy® - (FL® - Fu(@®) " FL(®)] - 23)

Substituting (2.3) in (2.2) and opening the parenthesis, we have

1 T el - 19 -¢
N 1Dy (v — ) = kLM "
N (y=n(x.0) -13® - (y-n(x0)) = M
B £T-Il£i)(@)-FN(@:(FX,@)-FN(E))-s T R(B) x

5 (F@F®)  Fh@)1,0) .

= el - Fy(®) x

 (FR®) - Fy(®) " F(0) 11, (B) - Fy @) (FR(B) - Fy(®) "~ FL(@) -
N

2.4)

Repeating the way of Theorem 2.1, which proves (2.4) and tendency to zero of the last terms on probability for N — oo, uniformly
on x. Then we get that r’ﬁg) (8) is asymptotically unbiased estimator of the element ik, (8") and according to the same Theorem 2.1

it is also consistent estimator.

Using Corollary 1.1, we get that for the matrix My (#) there exists the limit matrix 7, and the elements of the matrix My () for N -

oo are asymptotically unbiased and consistent estimators corresponding elements of the matrix M(6*).

Consider the matrix
~ . — . —1
_ 1[FE(B) - Fu(B) 1_@_ F(8) - Fy(8)
N N N

N
Denote Ek,l - the elements of the matrix By, and ¢, , - the elements of the matrix £(6").

Then

m m

_ 1 _
by, = ﬁz Z Xty bi1i2 “Xiyls

i1=1i,=1
m m

1 -
Cri = NZ Z Xty * bi1i2 * Xl -

i1=11i=1
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Under the conditions of Theorem 1.6 we have

m m
1 o
|bk,l - Ck,ll =N Z Z Xty (bi1i2 - biliz) Xy S

i1=11i=1

max|5i1i2 — 5i1i2| -0

= 2
(A, ()" -N
which proves Theorem 2.1.
For constructing a confidence band for the function 1(x, 8) we can use Theorems 1.5 and 1.6 and the approach suggested in [4].

Remark 2.1. It is necessary to underline the advantages and flaws of the suggested method above. The advantage of this approach
is that the method allows for investigating the regression models where the errors of random variables have different and unknown
variances, and at one point of observation, there is no more than one response. Such models are typical for applications and have not

been widely research.

The deficiency of this approach is that all results (estimation of unknown parameters and the elements of a covariance matrix) have

an asymptotic structure and have an efficiency for a large number of observations.
Conclusion

The mathematical model of generalized regression models with an increasing number of unknown parameters is suggested. Linear
and nonlinear regression models can be considered as a partial form of this model. The iterated process for calculating the least square
estimators is constructed. A new method for estimating the elements of a covariance matrix has been suggested. Using these results,

the method of constructing a confidence band for an unknown function in regression models is suggested.
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